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ABSTRACT

A simple closed-form expression for the effective dielec-

tric constant of a microstrip on a two-layer substrate is pre-

sented. Results for single layer cases are incorporated in the

formula to simplify it and increase the accuracy. The for-

mula is curve-fitted from results computed with the Spectral

Domain approach and is accurate to within three percent

relative error over a wide range of parameters.

INTRODUCTION

As more microwave circuit applications move into the

commercial field, considerations such as process yield, re-

peatability and manufacturability place additional demands

on microwave design tools. While full-wave finite-element

and moment-method ana[ysis tools are now becoming avail-

able that provide very accurate results, design tools must

trade some accuracy for speed, returning very good results

in minutes, instead of hours. These design tools must be

based on an accurate full-wave technique so that the de-

signed element has the desired performance when used in

the analysis tool. For example, a transmission line that is

500 in the design tool should not evaluate to a 45fl line on

the analysis tool. To analyze the process yield, many simi-

lar cases must be analyzed to calculate the sensitivity of the

design to process variation, emphasizing the need for very

fast design tools. Complicating the microwave design prob-

lem is the increased use of multi-layer geometries, for which

there are no accurate formulas available. Accurate and ef-

ficient design tools that can be used for multi-conductor,

multi-layer geometries are required to achieve the goals of

successful microwave design.

Accurate closed-form expressions for the transmission line

parameters, e,,ff and 2., of open microstrips on a sin-

gle substrate have been available for many years [1], [2].
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Closed-form expressicms for the transmission line param-

eters of coupled microstrips on suspended substrate have

been made available more recently [3]. However, there are

not any closed-form expressions for the parameters of open

microstrips in more general structures, even for the simple

single-conductor, two- layer substrate case. The goal of thk

research is to develop closed-form expressions for the design

of open microstrip lines with two substrate layers.

ANALYSIS

The general trends of the parameters of a single substrate

microstrip are well-known, e.g. wider center conductors

have increased Creff and decreased impedance. However, for

as few as two substrate layers, the general trends of the

transmission line parameters become much more compli-

cated. For example, ilf the dielectric constant of the upper

substrate is much greater than that of the lower substrate,

the C,m for the odd mode can be higher than that of the

even mode [4], which is the reverse of the single layer case.

Furthermore, increasing the width of the center conductor

can actually decrease the effective dielectric constant for a

single microstrip on a two-layer substrate. Thus it is impor-

tant that any closed-form expression accurately take into ac-

count the unique behavior of multiple substrate structures.

The design tools proposed in this work have been gener-

ated using the Spectral Domain Approach [5] to compute

the transmission line parameters of single and coupled mi-

crostrips on two-layer substrates. A recurrence relation is

used to compute the dyadic Green’s function [4] and the ex-

pansion functions chc)sen are Chebyshev polynomials modi-

fying the appropriate edge conditions [6]. Five longitudinal

and four transverse current expansion functions are used

to insure accurate results, with all calculations being done

in double precision. The analysis is valid in the quasi-static

region. The numerical results from the SI)A are used to cre-

ate curve-fitted formulas that are valid for a wide range of

substrate parameters and conductor cordigurations. Wher-

ever possible, the results have been compared to previously
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Figure 1: Geometry of coupled microstrips with two sub-

strate layers.

published data and other formulas to verify the accuracy of

these new formulas.

The geometry of the two-substrate layer microstrip used

in the present analysis is shown in Fig. 1. The total height

of the substrate layers, htOf = hl + h2, is held constant and

the design formula uses the following as design parameters:

● ratio of the width to total height, w/htOt

o the height ratio, hr = hl/htOt

● the dielectric constants, Crl and e,z

● the effective dielectric constants of the single layer

cases, e,,fi(h, = O) and e,efi(hr = 1)

We seek a formula that relates the above parameters of the

substates to the transmission line parameters of this struc-

ture.

Fig. 2 through Fig. 4 show the effective dielectric, con-

stant as a function of the the height ratio for different di-

electric constants of the lower substate in the quasi-static

region. Three different normalization schemes are used in

the graphs. In Fig.

scribed by

e,efi(,inear)(h,)

2, a linear normalization is used, de-

= ~refi(hr) - ~refi(o)

– h, [C,efi(l) – w(O)] (1)

where .sreff(0) and Creff( 1) are the effecit ive dielectric con-

st ants for the single substrate cases, given by

~reff(0) = %eff Ihl /&ot=O.O (2)

%eff(l) = ‘%efflhl/htQt=l.o (3)

These values can be determined from any of the many ap-

proximate formulas for the effective dielectric constant of a

single substrate structure. While this normalization gives

reasonable results when C,l > er2, when e,l < C,2 the results

are functions that are much more complex. In addition, this

normalization does not result in a fit that is monotonic as

a function of the substrate dielectric constant.

Linear normalization, q=6.O
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Figure 2: C,,ff of a microstrip on a two-layer substrate nor-

malized using (1) as a function of the substrate height ratio

for different values of e,l (w/hto, = 1.0).

In Fig. 3, the normalization is based on the capacitance

of a parallel plate waveguide with two dielectric layers and

is given by

%fT(ppwg)(L)=
%eff(o)%efl(l)

h, [Crefl(o) – er.fr(l)] + +m(l)
- c,efi(hr) (4)

Using this normalization gives a better initial approxima-

tion to the effective dielectric constant and makes the graphs

more uniform for the case when q.l < q.2. In addition, the

normalized functions are monotonic as a function of the

substrate dielectric constants, simplifying the curve-fitting

procedure.

The final normalization, shown in Fig. 4 involves mapping

the height ratio such that preceding equation becomes a

linear one. The equation for remapping the height ratio,

and the corresponding normalization for C,eff are given by

& =
{

%(o)%(l)

h, [e,eff(0) – Crefi(I)] + C,efl(l) – “eff(ol
1

“Cr.fr(l) – C,efi(o)
(5)

~reff(ppwg, (h) G ~reff(h) + ~refi(o)

– h; [G.efl(l) – e,efi(0)] (6)

This mapping is the one most suited to curve fitting the

data, giving an overall relative error that is lower than the

error obtained with other techniques using the same order

of fitting function.
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The full formula for a single microstfip is given by

Parallel plate waveguide normalization, w=6.O
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Figure 3: c,,ff of microstrip on a two-layer substrate nor-

malized using (4) asa function of the substrate height ratio

for different values of erl (w/h,Ot = 1.0).

Parallel plate waveguide normalization, ~2=6.0
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Figure4: e,effof microstrip onatwo-layer substrate normal-

ized using (6) asafunction of the substrate height ratio nor-

realized using (5) for different values of e,l (w/h~o~ = 1.0).

C,efr(o)t,eff(l)
Creff(h,) = —

h. [Crefi(o) – C,efi(l)] + e,eff(l)

{

‘5

+ .n~lbnTn(h:)” +5an(ern–1)
n=l 1

.h;(l – h:) (7)

= h:[(:reff(l) -%eff(o)]+ereff(o)

{

‘5

+ ,nplbnTn(h;)” +san(eTn–l)
n=l }

.h;(l – h:) (8)

where T.(h~) is the Chebyshev polynomial of the first kind

of order n. The coefficients in the above expression, bm and

an, can be determined using the following relations;

an= ~ dn,(lo/h,,o, - 1.0)’ (lo)
i=l

where the constants C,m;jand dni are given in Table 1 and

Table 2. Most of the dependence on w/hiOt is implicitly

contained in e,eff(0) and C,eff(l) and so only a small, and

simple correction factor is used to improve the accuracy of

the solution over a wider range of width to height ratios.

The relative error of tlhefunction is defined here as

where & is the approximate value calculated by (8) and

t,e~ is thevalue calculated by the SDA. For O.2 s w/htot <

3.5, (8) gives results that areaccurate towithin3 percent

relative error over all valuesof the height ratio and for 1 <

6,1, C,2 <10.

CONCLUSIONS

A closed-form expression for the effective dielectric con-

stant of an open microstrip on a two-layer substrate was

presented that gives results that have less than three per-

cent relative error. The formula uses the value of the effec-

tive dielectric constant of two single layer cases in addition

to the physical PiJEiIIK!krS to provide the accurate results.

Results have been validated in the quasi-static region with

0.2 s w/hioi <3.5, 1 < e,l, 15,z <10 and for all values of

the height ratio.
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